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Abstract Polymer-induced 
flocculation in which the size of 
polymer molecules is much greater 
than that of colloidal particles is 
investigated. A dynamic analysis is 
conducted which takes the transient 
behaviors of the adsorption of 
particles to a polymer molecule and 
the particle-particle interactions into 
account. We show that the number of 
particles adsorbed to a polymer 

molecule follows approximately 
a binomial distribution. An 
approximate expression for the degree 
of flocculation of the system under 
consideration is presented. 
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Introduction 

The introduction of polymer to a suspension of colloidal 
particles to initiate flocculation is one of the basic opera- 
tions in wastewater treatment. Here, the interactions 
between the dispersed entities are profound; both the ad- 
sorption of polymer molecules to the surfaces of colloidal 
particles and the collisions between particles need to be 
considered simultaneously. By referring to Fig. 1, depend- 
ing on the relative magnitudes of the sizes of polymer 
molecules and colloidal particles, three cases can be identi- 
fied [1, 2]. If the size of the former is much smaller than 
that of the latter, molecules adsorb to the surfaces of 
particles, and the collision effect of the adsorbed molecules 
leads to flocculation [3]. On the other hand, if the size of 
molecules is much greater than that of particles, the latter 
adsorb to the former and a molecule-particle aggregate is 
formed I-2, 4, 5]. If the sizes of molecules and particles are 
comparable, the above two cases should be considered at 
the same time. 

Assuming that a system is at equilibrium, Molski 
and Nowicki [4] studied the polymer-induced flocculation 
in which the size of polymer molecules is much greater 

than that of colloidal particles. Several interesting 
questions were raised. These include: a) the distribution of 
the number of adsorbed particles to a molecule, b) the 
interaction between particles, and c) the rate of sedimenta- 
tion of molecules carrying adsorbed particles. In the pres- 
ent study attempts are made to answer the first two ques- 
tions on the basis of a non-equilibrium analysis, which 
takes the transient behaviors of the adsorption of particles 
to a molecule and particle-particle interactions into 
account. 

Let N and ,go be, respectively, the number of polymer 
molecules and that of colloidal particles in the system. 
Suppose that the linear size of a polymer molecule is much 
greater than that of a colloidal particle. Denote S as the 
maximal number of colloidal particles that can be adsor- 
bed by a polymer molecule. Let X be the number of free 
colloidal particles and ni be the number of polymer mol- 
ecules with i colloidal particles attached. These variables 
are functions of time t. Suppose that the adsorption of 
colloidal particles to a polymer molecule is reversible. The 
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Fig. 1 Relative sizes of polymer molecule and particle, a) Polymer 
molecule is much smaller than particle, b) polymer molecule is 
comparable to particle, c) polymer molecule is much greater than 
particle 

temporal variation of ni is described by 

=dn__ 2 = bi_ 1hi_ 1 -- (b i + ci)ni + Ci+lni+l, 
dt 

i = 0 ,1 ,2 , . . . ,S ,  

where hi represents the rate of attachment of colloidal 
particles per polymer molecule, and ci denotes the rate of 
detachment of colloidal particles per polymer molecule. 

We assume 

b~ = Ka(S - i )X  

C i = Kdi, 

where n_ 1 = ns + ~ = 0, and b_ 1 = bs = Cs + 1 = 0, Ka and 
Ka are, respectively, the adsorption rate constant and the 
desorption rate constant. Substituting these expressions 
into Eq. (1) yields 

:d_n__ 2 = K . ( S  - i + 1 ) X n  i _  t - [ K a ( S  - i )X  
dt 

+ K a i ] n i + K a ( i + l ) n i + l ,  i = 0 ,1 , . . . , S .  (3) 

Let Xr be the number of colloidal particles aggregated due 
to the interaction of polymer-free particles. Then 

S 

X =Xo  - ~ i n i - X r  
i=O  

Differentiating this expression with respect to t yields 

d X  s . dni dX,  

d t -  2., i=o dt dt 

= - K , X [ S N - X o + X + X r  

+ Kd[Xo -- X -- Xc] - - -  
dXc 
dt (5) 

To solve this equation, the value of dXr needs to be 
determined. Let Yi be the number of aggregates which 
contains i polymer-free colloidal particles. Then 

K~ dt - 2 Y2 X +  Y~ (6a) 
i = 2  

K~ dt i = 2  

K~ dt - ~  + 2 ~" Y i Y j -  YR X +  Y~ ,(6c) 
i = 2  i = 2  

j = R - i  

where Kc denotes the rate constant for particle-particle 
collision, and R is the maximum size of an aggregate. We 
have 

R 

Xe = ~ iY i .  (7) 
i = 2  

(1) Therefore, Eqs. (5), (6a)-(6c), and (7) need to be solved 
simultaneously. 

The number of particles captured by polymer molecu- 
les, Nr is 

S 

Nc = ~ irti. (8) 
(2a) i=o 

Suppose that sedimentation of polymer-particle aggre- 
(2b) gates occurs only to those polymer molecules with nf par- 

ticles at tached.  Then the number of particles removed 
from liquid phase due to the introduction of polymer 
molecules, Nf, is 

S 

g f  = E ini. ( 9 )  
i = n f  

Define the degree of flocculation, F, by [4] 

F = 1 -- (Na/Nb),  (10) 

where Na and Nb are, respectively, the number of particles 
left in the system with polymer and that without polymer. 

The distribution of aggregate size in a polymer-free 
suspension can be derived by following a similar proce- 

(4) dure as that employed for the derivation of Eqs. (6a)-(6c). 
If we denote the number of aggregates which contain 
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i colloidal particles as N~, then 

Re 
1 dN~ N~ Z Ni (l la) 

"K~ dt i=1 

Re 
1 dN2 _ (N~/2) - N2 ~ N~ (llb) 

r:~c dt i= t 

1 dN3 Rr 
- - - -  = N I N 2  - -  N3 ~ N i  (llc) 
Kc dt i= 1 

1 dNK 1 K-1 Ro 
K~ dt - 2  ~ N ~ N j - N K ~  N i ,  (l id) 

i = l  i = l  
j = K - i  

where R~ is the maximum size of an aggregate. 
Suppose that sedimentation occurs to those polymer- 

free aggregates having nr or more particles. Then Eq. (10) 
can be written as 

(N~ - Nf) + ~,~s iY~ + X 
F = I -  

Z ~L-1 i iNi 

~,nf--  1 n~-- 1 
= 1 - ~J=o (ini/Xo) + Zi=2 (iY~/Xo) + ( X / X o )  (12) 

Z~=-~ 1 ( iNi/Xo) 

Since solving Eqs. (5), (6a)-(6c), and (7) is almost impos- 
sible, an approximate analysis is conducted. We assume 
that the rate of decrease in the number of particles due to 
particle-particle interaction is proportional to the rate of 
collision between particles, i.e., 

dXc/dt  = K~X 2 (13) 

Substituting this expression into Eq. (5) yields 

dX*/d t*  = - X*(r  1 + X*  + X * )  

+ KI(1 - X* - X*) - K2X .2 (14) 

where X* = X / X o ,  t* = KaXot,  KI  = Ka /KaXo ,  K2 = 
Kr r = S N / X o ,  and X* = Xr Also, Eq. (13) can 
be rewritten as 

dX*/d t*  = Kz X*2 . (15) 

Let Pi be the fraction of the sites on a polymer occupied by 
i colloidal particles, and p be its mean value. Then it can be 
shown that [6] 

S 

p = ~ in i /SN = (1 -- X *  - X * ) / r  (16a) 
i=O  

Pi = n d N  = CSp~(l - p)S-i, (16b) 

where the combinatorial symbol C s is defined by 

C s = S! / (S  - i)!i! (16c) 

These expressions reveal that the distribution of the num- 
ber of particles adsorbing to a polymer molecule follows 
a binomial distribution. 

Since obtaining an explicit expression for Xp based on 
Eqs, (1 la)-(1 ld) and (12) is almost impossible, an approx- 
imate treatment is performed. We assume that the decrease 
in the number of colloidal particles is due to the collision 
of primary particles, i.e., 

dXp/dt  --- -- KcX~ (17a) 

o r  

dX* /d t*  = - K 2 X  .2 , (17b) 

where Xp denotes the number of colloidal (primary) 
particles in a polymer-flee suspension, and X* = Xp/Xo .  
The solution to Eq. (17b) subject to the initial condition 
X *  = 1 at  t* = 0 is 

X* = 1/(1 + K2t* ) .  (18) 

In this case Eq. (12) is rewritten as 

(N: - N f )  + R1Xc + X 
F = I - -  

R2()Co - X~) + Xp 

X--nf- 1 ipi + RtX*c + X *  = 1 - ( r / s )  ~ i = o  
R2(1 - X~') + X* (19) 

Here, R1 is the fraction of primary particles contained in 
polymer-free aggregates which are left in the suspension 
for a system with polymer, and R2 is the fraction of 
primary particles contained in aggregates which are left in 
the suspension for a system without polymer. Apparently, 
RI is a function of the distribution of the size of polymer- 
particle aggregates, and R2 is a function of the distribution 
of the size of polymer-free aggregates. As pointed by 
Molski and Nowicki [4], determining these functions ana- 
lytically is nontrivial, a realistic treatment in practice is to 
consider them as adjustable parameters. 

Results and discussions 

Figure 2 shows the simulated distribution of the number of 
colloidal particles adsorbed to a polymer molecule Pl at 
t* = 1200 for various values of r. Both the results for 
irreversible adsorption (K1 = 0) and reversible adsorption 
are illustrated. Figure 2(a) shows that, for an irreversible 
adsorption, Pl is symmetric and shifts to the left as r is 
increased. Also, the maximum of the distribution decreases 
with r, passes a minimum, and then increases with a fur- 
ther increase in r. Since the area under each curve is unity, 
the greater the maximum, the narrower the distribution. 
According to the definition of r ( = S N / X o ) ,  a small r im- 
plies that the number of particles is greater than the 
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Fig. 2 Distribution of the number of colloidal particles adsorbed to 
a polymer molecule at equilibrium for various values of r at 
t*= 1200 and K2 =0.5. a): K1 =0  (irreversible adsorption); 
b): K 1  = 0 . 1  

Fig. 3 Transient variation in the degree of flocculation F for various 
values of r. Parameters used are: K2 = 1, nf = 41, and S = 100. 
R1 = 0.3 and R2 = 0.4 in a); R1 = 0.5 and R2 = 0.3 in b). Solid lines: 
K1 = 0 (irreversible adsorption); dashed line: K1 = 0.1 

number of available sites on molecule, and therefore each 
site has a higher probability to be occupied by particle. 
This leads to a narrow distribution in the number of 
adsorbed particles. As can be seen from Fig. 2(b), for 
a reversible adsorption of particles to polymer, Pl is slightly 
skewed to the right, and shifts to the right as r increases. 
The maximum of pi decreases with an increase in r. 

The transient behavior of the degree of flocculation 
F for various values of r is illustrated in Fig. 3. According 
to the definition of F, Eq. (10), if F > 0, the polymer plays 
the role of flocculant. On the other hand, if F < 0, it 
behaves as a stabilizer. The value of F depends on the 
relative significance of the rate of aggregation due to 
polymer-induced aggregation and that due to polymer- 
free aggregation. For a small r, F decreases at the early 
stage, passes through a minimum, and then increases to an 
equilibrium value. This is because that in the early stage 

the number of particles adsorbed to polymer is less than nf, 
and the competition of polymer-induced aggregation and 
polymer-free aggregation leads to a decrease in F. At the 
late stage, the number of polymer molecules which contain 
more than nf particles increases, so does F. If r is too large, 
the number of particles adsorbed to a polymer molecule is 
less than nf, and F decreases monotonically to an equilib- 
rium value. If r is not large, the greater its value, the 
smaller the minimum value ofF.  This is because it requires 
a longer time for a polymer molecule to adsorb nf particles. 
The equilibrium value o f f  increases with r, passes through 
a maximum, and then decreases with a further increase in 
r. If r is small, although it is easy for molecules to have 
their active sites occupied by particles, the number of 
particles removed by polymer is limited. On the other 
hand, if r is large, only a small portion of molecules has 
more than nf particles attached. Therefore, there exists an 
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optimum value for r at which the equilibrium F is at 1.0 
maximum. The qualitative behavior of F for a reversible 
adsorption is similar to that for an irreversible adsorption. 

Figure 4 shows the variation in the degree of floccula- 0.5 
tion F as a function of r for various values of R1 at 
equilibrium. The corresponding variations for various 
values of R2 are presented in Fig. 5. Figure 4 suggests that, ,, 0.0 
for an irreversible adsorption at fixed r, F decreases with 
the increase of Ra. Since R1 is the fraction of particles in 
polymer-free aggregates that are not large enough to settle 

-0.5 
down, this is expected. Figure 5 shows that F increases 
with R2 for obvious reason. For a reversible adsorption, 
F is independent of r at equilibrium, as suggested by Eq. 

-1.0 (19). This is because that the desorbed particles will ag- 
gregate with each other and leave the suspension eventual- 
ly. Therefore, Pl vanishes as time approaches infinity. 

Fig. 4 Variation in the degree of flocculation F as a function ofr for 
various values of R1 at equilibrium. Parameters used are: K2 = 0.9, 
nf = 41, and S = 100. Rz = 0.4 in a); R2 = 0.3 in b). Solid lines: 
Kt = 0 (irreversible adsorption); dashed line: K1 = 0.1 
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Fig. 5 Variation in the degree of flocculation F as a function of r for 
various values of R2 at equilibrium. Parameters used are: K2 = 0.9, 
nf = 41, and S = 100. R1 = 0.3 in a); Rt = 0.7 in b). Solid lines: 
K1 = 0 (irreversible adsorption); dashed line: K1 = 0.1 

The relative magnitude of R1 and Rz is not clear at the 
present stage. Apparently, the existence of polymer will 
affect the distribution of aggregate size through the reduc- 
tion in the number of primary particles. Since the number 
of available primary particles for a system containing 
polymer is less than that for a polymer-free system, the size 
distribution of the former will be more concentrated about 
its mean than the latter. Therefore, the relative magnitude 
of R1 and R2 depends largely on the distribution of aggre- 
gate size. However, Figs. 3 -5  reveal that the qualitative 
behavior of F is insensitive to the relative magnitude of 
R1 and R 2. 

The applicability of the present model  is justified by 
analyzing the experimental data examined by Molski  and 
Nowicki  [4], where polyacrylamide-sol AgI was used as 
the model system. The experimental data for the case 
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Fig. 6 Analysis of the experimental data of [4] (Fig. 4, with 0.05 M 
KNO3). The estimated values of the adjustable parameters are 
R1 = 0.35, R2 = 0.70, K1 = 0, Kz = 0.2, and ne - 61. The concen- 
tration of polymer, C, and r are related by r = CNAS/MpX, where 
NA and Mp are, respectively, the Avogadro number and the molecu- 
lar weight of polymer. Dashed line: the result predicted by Molski 
and Nowicki [4]; solid line: the result predicted by the present model 

where the electrolyte concentration is 0.05 M are illus- 
trated in Fig. 6. Also shown in this figure are the results 
calculated based on the model of [4] and on the present 
model. As can be seen from Fig. 6, the performance of the 
present  model  is sat isfactory.  

As suggested by Eqs. (13) and (17a), we only cons ider  
an irreversible coll is ion between par t ic les  which leads to 
aggrega t ion  [-71. A more  genera l  t r ea tment  needs to take  
the in terac t ion  energy between par t ic les  in to  account .  In 
this case, Kc plays  the role of the rate cons tan t  for slow 
coagula t ion .  By definit ion,  K c -  K~/W, Kr is the rate  
cons tan t  for the co r respond ing  fast coagula t ion ,  and  W is 
the s tabi l i ty  rat io  [8]. The  la t ter  is a function of the 
in terac t ion  energy between two part icles,  which is a com-  
pl icated funct ion of the condi t ion  of the system under  
cons idera t ion .  
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